We establish character sum bounds of the form
, where χ is a nontrivial character (mod p), p 1 4 +ε < H < p, and |a|, |b| < p ε/2
H.
As an application, we obtain that given k ∈ Z\{0}, x 2 + k is a quadratic non-residue (mod p) for some 1 ≤ x < p 1 2 √ e + .
Introduction.
Let k be a nonzero integer. Let p be a large prime and let H ≤ p. We are interested in the character sum for some δ > 0. Burgess 
Here ω is a root of a given polynomial of degree n, which is irreducible (mod p) and assuming again H > p 1 4 + .
Notation.
•
Estimate of the character sums.
Recall also that by Weil's theorem
for χ a nontrivial character (mod p) and
3) and we may therefore assume H < p 
Proof of the theorem.
We let a = b = 0. The modification needed in the argument below to treat the situation |a|, |b| < p
H are straightforward and left to the reader.
As mentioned earlier, the basic technique is Burgess'.
We introduce parameters
Here the inequality is because of (0.1).
where
(1.10)
To estimate (1.9), we follow the usual approach of applying Hölder's inequality with suitable exponent 2r ∈ Z + and Weil's theorem later.
Thus, (1.9) is bounded by 
(1.13)
Our next aim is to estimate w 2 ξ,ζ , which is the number of solutions of the following system of equations in F p .
Multiplying and adding the equations in the above system, we get by (1.2) (x (1.14) . Therefore, given w 1 , w 2 , ∆, the system (1.18) has < p ε 1 solutions (u 1 , v 1 , u 2 , v 2 ). It follows from (1.17) that
Let x 1 , y 1 , x 2 , y 2 be some solution (other than x 1 , y 1 , x 2 , y 2 ) of (1.19) and (1.14) with specified u 1 , v 1 , u 2 , v 2 and t. Then
Since (u 1 , kv 1 ) = 1 = (u 2 , kv 2 ), we get .
With some small modification of the proof of the theorem, we can also obtain the following more general statement. 
